Technical Report for Heterogeneous Treatment Effects in
Panel Data: Insights into the Healthy Incentives Program

In this technical report, we present the omitted proofs for the results stated in the paper Het-
erogeneous Treatment Effects in Panel Data: Insights into the Healthy Incentives Program. In
Section [I| we prove the estimation error bound stated in Theorem 2] and in Section 2] we prove
the main lemmas used for the proof of Theorem [2| Finally, in Section 3| we provide the proofs of
auxiliary lemmas used throughout the paper.

1 Proof of Theorem

We aim to bound ’Tl-d -7 | Throughout this section, we assume that the assumptions made in the
statement of Theorem [2| are satisfied. To simplify notation, we define 7; := || Z;||r. We have
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where (7) is due to the error decomposition in Lemma and the definition of 7.

Hence, we aim to upper bound ||A?|| and || A3|| and lower bound i, (D). The main challenge
lies in upper bounding || A?||. In fact, the desired bounds for o, (D) and ||A2|| (presented in the
following lemma) are obtained during the process of bounding || A3||.

Lemma 1.1 Let D and A? be defined as in Lemma We have 0,in(D) > 212; —. Furthermore, we
have the following for sufficiently large n.:

+log™®(n) - max ‘<PT*L (Z% P (D 5)>‘

Omin ic[k] ||Zl||F

a?r'knlog®® (n)

12%] s

The proof of the above lemma is provided in Section[2.6]

We now discuss the strategy for bounding ||A®||. In order to control Pj. (M*), we aim to
show that the true counterfactual matrix M* has tangent space close to that of M. Because we
introduced m in the convex formulation, which centers the rows of M without penalization from the
nuclear norm term, we will focus on the projection of M* that has rows with mean zero, P; . (M*).
Recall that Pyi (M*) = U*X*V*T is its SVD, and define X* := U*X*"/2 and Y* := V*¥*1/2, We
similarly define these quantities for M: X := USY2 and Y := V2. We aim to show that we
have (X , }7) ~ (X*,Y™). This is stated formally in Lemma which requires introducing a few
additional notations first.

Let g(M, 7, m) denote the convex function that we are optimizing in (3). Recall that (M, 7, 1)
is a global optimum of function g. Following the main proof idea in Farias et al. (2021), we define



a non-convex proxy function f, which is similar to g, except M is split into two variables and
expressed as XY .

f(X,Y)= min

meR", TcRk

—lo=XxyT —m ZTH + = /\XX>+2)\<YY>

Our analysis will relate (X’ , }A/) to a specific local optimum of f, which we will show is close to
(X*,Y™). The local optimum of f considered is the limit of the gradient flow of f, initiated at
(X*,Y™), formally defined by the following differential equation:

?XJY)z—VﬂXJY) -

(X0, V%) = (X*, V).

We define Hy y as the rotation matrix that optimally aligns (X, Y’) with (X*, Y*). That is,
letting O"*" denote the set of r x r orthogonal matrices, Hy y is formally defined as follows:

Hxy = argmin||[XR — X*|2 4+ |[YR - Y*||3.
Reorxr

Define F* to be the vertical concatenation of matrices X* and Y*. That is, F* = [(X*)T, (Y*)T]".
We are now ready to present Lemma

Lemma 1.2 For sufficiently large n, the gradient flow of f, starting from (X*,Y™), converges
to (X,Y) such that X = XR andY = Y R for some rotation matrix R € O"*". Furthermore,
(X,Y) € B, where

N N ov/nrlogt(n .
Bi= {(X.Y) [ XHyy ~ X2 + [VHyy ~ V2 < g%}, pe= DT80y
Let us derive an upper bound on p. Because || X*| < || X*]|v/r = \/Omaxr and [|[Y*|p <
V/OmaxT, We can conclude that || F*||; < /0maxr. Thus, we can upper bound p as follows:
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With Lemma |I.2] and the bound on p, we can complete the proof of the theorem as follows.
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where 7 = (/ — VVT)l, and the last line comes from the closed form of the projection derived in
Lemma We can use the fact that V"1 = 0 from Claimm to simplify the expression. Note
that with V1 = 0, 7 simply evaluates to 1.
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where the last step is due to the fact that X*Y*"1 = 0 because X*Y*" = Py. (M*).

Finally, let (X,Y") be the limit of the gradient flow of f starting from (X*,Y*). By Lemmal|1.2]
we have X = XR and Y = Y R for some rotation matrix R € O™%". This, combined with the
definition of T, implies Pj, (X AT) = Py, (BYT) = 0 forany A € R”*" and B € R™". Hence,
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where the last step is due to the fact that £ = O(logn).
Now that we have bounded o, (D), ||A?||, and ||A3
complete the proof of the theorem.

, we can plug these bounds into (1)) to

2 Proof of Lemma|l.2

Throughout this section, we assume that the assumptions made in the statement of Theorem @ are
satisfied. The proof of Lemma [I.2]is completed by combining the results of the following two
lemmas.

Lemma 2.1 Any point (X,Y) on the gradient flow of f starting from (X*,Y™*) satisfies (X,Y) €
5.

Lemma 2.2 The limit (X,Y) of the gradient flow of f starting from (X*,Y™) satisfies X = XR
and' Y =Y R for some rotation matrix R € O™".

We note our methodology differs from that of [Farias et al.|(2021)). Instead of analyzing a gradient
descent algorithm, we analyze the gradient flow of the function f. This allows us to simplify the
analysis by avoiding error terms due to the discretization of gradient descent.

In this section, we start by deriving the gradient of the function f and examining some properties
of its gradient flow in Section 2.1} Then, we prove some technical lemmas. We extend Assumption
2| to a broader subset of matrices within the set 3 in Section[2.2] and establish bounds on the noise
in Section Finally, we complete the proofs of Lemma [2.1]in Section [2.4]and Lemma [2.2]in
Section



2.1 The gradient of the function f

Before we prove Lemma we need to derive the gradient of the function f.

Define P to be the projection operator that projects onto the subspace Z. Note that in the
definition of f(X,Y’), the quantities m and 7 are chosen to minimize the distance between O — XY T
and this subspace, measured in terms of Euclidean norm. Hence, we can view m and 7 as coordinates
of the projection of O — XY T onto this subspace. This observation gives us the following equivalent
definition of f(X,Y):

f(X,Y) = % [Pz (O = XY T)||L + %A (X, X) + %A Y,Y).

Consider a single entry of the matrix X: X;;. Note that the expression inside the Frobenius
norm is linear in X;;. Hence, we can rewrite f(X,Y") as follows:

1 1 1
FOXY) = SHIXGA+ Blg 4+ A (X, X) + SA (YY),

for some matrices A and B that do not depend on X;; (but may depend on other entries of X', and
Y).

Now we take the partial derivative of f with respect to X;;. Let F;; be the matrix where all
elements are zero except for the element in the i-th row and j-th column, which is 1. Then,

of
0X;

= (X;jA+ B, A) + \X};

O (P (0= XYT),~Pgu (EjYT)) + AX,,
= —(Pz. (0= XY"),E;Y ") +AX;,

where () is due to the fact that A and B were defined such that X;;A + B = Pz. (O — XY'7) .
Hence,
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where m(X,Y), 7(X,Y) := argmin,, . HO —XYT —m1T =¥ 2z
7 to represent m(X,Y) and 7(X,Y") below for notational simplicity.

Using O = X*Y*T 4+ m*17 + 3°F 77, + F, we can simplify the gradient as follows:
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Because m and T are coordinates of the projection of O — XY onto the subspace Z, we have

k
m1"+Y 17 =Pz (0-XYT).

i=1



Additionally, because m*1" + Zle 77 =0 — X*Y*T — E, the right hand side quantity is also
in the subspace Z, so we have

k
m 1"+ 77 =Py (O — X7 - E) .
i=1
Subtracting the two equations above, we have

k
(m—mT + 3 (1 — )7 = Py (X*Y*T XY+ E) . 6)
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Using (6)), we can rewrite

af *\ Kk -

== (PZL (XYT—X y T—E))Y+AX.
Similarly, we can derive

P ANT

a_}{ - (PZL (XYT —xvT - E)) X 4.

2.1.1 Properties of the gradient flow

We now prove some properties of the gradient flow of the function f starting from the point (X*, Y™*).
For simplicity of notation, we define

D= Py (XYT _xvT - E) ,

so we can simplify our gradients as follows:

af of 1
a—X_DY+/\X and 8_Y_D X + Y. (7)

Lemma 2.3 Every point on the gradient flow of function f(X,Y) starting from the point (X*,Y™*)
satisfies X' X =YY.

Proof. Note that at the starting point (X*, Y*), we have that X*' X* = ¥* = Y*TY* as desired.
Next, we examine the change in the value ¢(t) := X'' X' — Y*' V" as we move along the
gradient flow defined by (2)). For convenience, we omit the superscript ¢ in X* and Y. Using (2),

we have
X _ oy (X))o (DY X
Y) V) \D'X+XY )"
The derivative of ¢ is

P =X"X+X'X-Y'Y-YTY
= — (DY +XX)" X — XT(DY + \X) + (DTX + AY)T Y +Y T (DTX +)Y)
=22 (X'X-Y"Y),
showing that ¢'(t) = —2A¢(t). As a result, recalling that ¢(0) = 0, we can solve the differential
equation to obtain ¢(t) = e~ 2*¢(0) = 0 for all ¢. O

5



Lemma 2.4 Every point on the gradient flow of function f(X,Y) starting from the point (X*,Y™*)
satisfies Y "1 = 0. Furthermore, if ULV " is the SVD of XY ", then V™1 = 0.

Proof. Using X*Y*"1 = 0 (because X*Y*" = P,1(M*)), we have that
(X*Y*T]_)T X*Y*T]_ — 1Tv*z*2v*T1 — O,

which can only happen if V*"1 = 0. This implies that Y*"1 = 0.
Using the same approach as the proof of Lemma we examine the change in the value of
o(t) == Y*'1 as we move along the gradient flow defined by (2). We omit the superscript ¢ in Y

for notational convenience. Using (2), we have Y = —DT X — \Y. Now we compute the derivative
of ¢(t):
F(t)=Y"1
=-X'D1-)Y'1
9 71
= —\o(1).

The equality (i) follows because D is the projection onto a space orthogonal to {al1' | a € R"},
effectively centering its rows. Because D has zero-mean rows, D1 = 0.

Note that ¢(0) = Y*"1 = 0. Solving the differential equation, we have ¢(t) = e *¢(0) = 0
for all ¢. Using the same logic we used to show VV*"1 = 0, we have that Y "1 implies V"1 = 0. [J

2.2 Extending assumptions to 3

We prove a lemma that extends Assumptions [2(a), [2(b), and [2(c)|to a broader subset of matrices
within the set B, thereby expanding the applicability of the original assumptions.

We’ll begin by proving a useful lemma that provides bounds for the singular values of matrices
in the set 3. We show these values are within a constant factor of the singular value range of X*

and Y*, spanning from /0,y t0 \/Omax-

Lemma 2.5 For large enoughn and (X,Y') € B, we have the following for any i € [r|:

oi(X),0,(Y) € {@,2@} :

Proof. The singular values of a matrix are not changed by right-multiplying by an orthogonal
matrix. Hence, without loss of generality, we suppose that (X, Y") are rotated such that they are
optimally aligned with (X™*, Y™*); in other words, Hxy = I. Then, (X,Y’) € B gives us

O
X _ X* < < min 7

where the last step is due to ().
Then by Weyl’s inequality for singular values, for any i € [r], we have

0i(X) < 0i(X7) + | X = X7 < ou(X7) + [[X = XT[|p < 2¢/0rmax-



We also have

* * * * Vamin
0i(X) 2 03(X7) = [|IX = X7} 2 00 (X7) = | X = X*lp 2

The proof for o;(Y") is identical. O
Now, we present the lemma which extends Assumption [2|to a broader subset of matrices in B.

Lemma 2.6 Suppose that (X,Y) € B and that there exists a rotation matrix H € O™ such that
(XH,Y H) is along the gradient flow of function f starting from the point (X*,Y*). Let m,T
denote the values that minimize f(X,Y). Let XY ' = UXV " be the SVD of XY ". Let T be the
span of the tangent space of XY ", and denote by T the span of T and {ozlT | a € R"}. Define
Al € RF as the vector with components AZI = <ZZ~, U VT> . Define D to be the matrix with entries
Dij = (Pro(Z;), Pro(Z;))-

Assume Assumption holds, then for large enough n,

Cry

ZVIA+||ZTU|)E <1 - 8
12V + 12701 <1 = 5300 ®)
2 Cr
||PTOL<Z>HF = 210g1(n) ©)
P\ KT
[Prs(Z) = Prs(Z)|, S o (10)
forany Z € Z that has || Z || = 1.
Assume Assumption [2(b) holds, then for large enough n,
i c
DAY S Pz < 1 - S 11
DA S ezl <1 - g 1)
Assume Assumption holds, then for large enough n,
~ c
min D 2 > . 12
Tmin(D) 2logn (12)

Proof of Lemma[2.6]. 'We will make use of the following claim throughout this proof:

Claim 2.7

- . . pVE 1
U 0T = GO VYT = VYT OV = UVl S D S s

The proof of (8) and (9) follow the exact same logic as the proof of (68) and (69) in the proof of

Lemma 13 inFarias et al.| (2021)).

Proof of (10). We use Lemma to compute the projections of the treatment matrices. Let
r=(I—VVT)landletr* = (I — V*V*T)1. By Lemma[2.4} we have V'1 = V*"1 = 0. Hence,




r = r* = 1, which allows us to simplify as follows:

|Pri(Z) — Pro(Z2)],
=T -U0UP(Z)T-VVT) = (I =UU )P (Z)T = V'V,
<HlﬁU”*—UUTﬁawZMI—VV*m*+Hu—lﬁU”ﬂamzxva—v”V”HL

HU*U*T —UU||p 1P (D)l V7 + 1P (2) | [[VVT = VIV oV
[T —UU [ v+ [VVT =V Vv
P\ KT

where (i) is due to | Al|, < ||Al|p /rank(A), the fact that projection matrices (I — V'V ") and
(I — U*U*") have Frobenius norm at most 1. In particular for step (i), we note that the rank
of the matrices inside the nuclear norm is O(r) because U*U*", UU T, V*V*T, and VVT are
all rank r matrices, and we have that rank(A + B) < rank(A) + rank(B) and rank(AB) <
min(rank(A), rank(B)).
Proof of (I2). Define AP := D—D* suchthat AD = (Pp.(Z;), Ppo(Z;))—(Pp-2(Z;), Pr-2(Z;))

for i, j € [k]. We upper bound the magnitude of the entrles of AP, For any i € [k] and j € [k], we
have

A% =

IN N

A

[(Pro(Z:), Pro(Z))) — (Pre(Zi), Pras(Z5))]

|<PTL(ZZ-), Zj) — (Prei(Zs), Z)|
[(Pri(Zi) — Prei(Z3), Z5)]

—~

i

~

—~
0

< Pec(Z) - Pr (2

= [T -UUT)P(Z)IT = VVT) = (I = U U ) Pu(Z)(I = V'V

= | U —UU P (Z)I = VVT) = (I = U U )P (Z)(VVT =V V||
<|[lvvrt ot vt = vv T

)
9
~ log®® (n)

(13)

The equality (7) is due to the fact that for any projection operator P and matrices A and B, we have
(P(A),B) = (P(A), P(B)) = (A, P(B)), and (i7) is due to the Cauchy—Schwarz inequality and
the fact that the || Z; ||, = 1, and (i) follows from Claim [2.7]

By Weyl’s inequality, we have amm(D) > Omin(D*) — omax(AP). Now we upper bound the
second term as follows:

1
max AD AD < kma A =0 —. 14
g ( H H m X‘ l,m 10g5.5(n) ( )
Putting everything together, for large enough n,
~ C Cg
min D > - max AD > .
Oimin )_logn Oimas )_210gn



Proof of (TT). We wish to bound A := HD‘l
restructured as

S ||Ppe(Z)|| . This quantity can be

&

A= (|1 A% + ) <ZHPT*L o +E2), s

where D* and A*! are defined just above Assumption 2| and F; and F, are defined as follows:

E1 = HDil

21~

(=l

k
Ey:=Y (| Pre(Z)ll = | Pres (Z)]).

=1

We bound these two quantities as follows.

Claim 2.8 We have that |E; and | E;

|N125 |N10g55

To bound A, we consider the following additional observations Firstly, we have | D*71|| || A% ]| <
log n. This follows from the fact that o, (D*) 2 , and A*! is a vector of length k (where

~ log
k < logn) with entries that do not exceed 1. Moreover, we have Zi:l | Pres (Z:)|| < k S logn
because for every ¢ € [k], Py« (Z;) has Frobenius norm (and hence spectral norm) at most 1. Now,
we are ready to plug all of this into (I5]) to bound A as follows.

: 1
*—1 *1 )
A<D 8 S 1P 21 40 ()

©) . 1
§1—C—2+O( = )
logn log™’n

Cr,

~ 2logn’

where (i) is due to Assumption [2(b) O
Proof of Claim[2.7]  First, we note that we have

| XYT =XV, = || XHxy(YHxy)" = XV ||,
<[ XHxy = X7 Y[+ [ XY Hxy = Y7 g
S PV Omax,
where ||Y|| is bounded by Lemma[2.5] Hence, we can make use of Theorem 2 from [Yu et al (2015),

combined with the symmetric dilation trick from section C.3.2 of |Abbe et al.| (2020), to obtain the
following. There exists an orthogonal matrix O € R"*" such that

IXYT- XY, o
Or (X*Y*T) — Or41 (X*Y*T) ~ Omin v/ Omin '

IUO =U[lg + VO =Vl 5



Now we can obtained the desired bound as follows:
oV —o v, = |[vowvo)" —u v,
<|UO = U [[VO[ +[[VO = V| [|[U]|
<|UO =U*[g + VO = V*lg
< PVE

Omin
logfl’S using (@).
We can similarly bound both HUUT — U*U*THF and HVVT = V*V*THF. U
Proof of Claim | E5| can be simply bounded as follows:
: k
| Es| < Z: | Pro(Z;) — Pres(Zi)|p S log®n’

where the last bound was shown in (13). Because & = O(logn), we have the desired bound for E».
It remains to bound |E4 |:

il = 1D 1A — 1D AT
<D AT = A + 1Dt = 15| 1A
< |0 A = Aljj+ D = DAY

-~

VvV
Ax Az

Bounding A,. Applying Assumption we can bound A; as follows:
A, < log(n HM NH

< log(n

(n)
(n) )
= log(n)k mzf]c (Z;, U V" —UVT)
€]
og(n)k |UV*T —UOVT||,
S
™~ log*®(n)
where the last step makes use of Claim
Bounding A,. Because D = D* + AD — (I + APD*1)D*, we can write
D*l _ D*fl Z(_ADD*fl)k'
k=0
Note that this quantity is well-defined because
(AP) 1

D yx—1 Omax <
HA b H = 0m1n<D*) ~ log4‘5n < 17

10



where the last bound is due to (14]) and Assumption Now, we have

D! _ D71 = p—IAP D1 Z(_ADD*_1>k-
k=0

We use this to bound A,. Using (T4) and Assumption [2(c)| and the fact that | A!|| < k because it is
a vector of length £ with all components less than or equal to 1, we have

amaX(AD ) 1

min D*)? ‘ _ omax(AP)
Oumin (D)2 1 — Guetac,

Ay

IN

A < .
| ||N10g2,5n

2.3 Discussion of £

Recall that the matrix £ consists of two components E = E + 6. E is a noise matrix, and ¢ is the
matrix of the approximation error. Refer to Assumption [3|for our assumptions on F and ¢.

We need to ensure that the error F does not significantly interfere with the recovery of the
treatment effects. That is, we need to ensure that E is not confounded with the treatment matrices
Z; for i € [k]. This condition is formalized and established in the following lemma.

Lemma 2.9 Let (X,Y) € B be along the gradient flow of function f starting from the point
(X*,Y™*), and let m, T denote the values that minimize f(X,Y). Let T be the span of the tangent
space of XY T and {a1" | o € R"}. Then, we have

max ‘<PTL (Z:), E>‘ < ov/nr.

1€[k]

ProofofLemma Fix any i € [k]. We recall that &/ = 4. We note that rank(Prp(A)) < 2r-+1
for any matrix A due to the definition of T. Then,

(Pec(2), EY| <102 )| + 2,:8)| + | (Pa(2). E)
% ovn+ ‘<PT(Zi)7 E>‘
2 o+ 1B Pe(20)].

(i44)
< ovn+ (|E| + I6)V2r + 1| Pr(Z)| g
(iv)

S ovnr.

Here, (i) is due to Assumption 3] |(Z;, E)|,|(Z:, 0)| £ o+/n; (ii) is due to Von Neumann’s trace
inequality; (iii) is due to the inequality || A||, < y/rank(A) ||Al|r; and (iv) is due to the fact that
|1Z;|| = 1, and our assumed upper bound on || E|| and ||6|| from Assumption 3| O

We now argue that the assumptions on the noise matrix £ from Assumption [3|are mild. The
following lemma shows that under standard sub-Gaussianity assumptions, these are satisfied with
very high probability.

11



Lemma 2.10 Suppose that the entries of E are independent, zero-mean, sub-Gaussian random
variables, and the sub-Gaussian norm of each entry is bounded by o, and E is independent from Z;
fori € [k]. Then, for n sufficiently large, with probability at least 1 — e™", we have

|E| Sovn and |{Z;, E) < ovn, Vi€ k]

Proof of Lemma We start by proving that with probability at least 1 — 2¢e™", we have
| E|| < o/n. We use the following result bounding the norm of matrices with sub-Gaussian entries.

Theorem 2.11 (Theorem 4.4.5, Vershynin| (2018)) Let A be an m x n random matrix whose
entries A;j are independent, mean zero, sub-Gaussian random variables with sub-Gaussian norm
bounded by o. Then, for any t > 0, we have

Al S o(vm+vn +1t)
with probability at least 1 — 2 exp(—t?).

As a result of the above theorem, recalling that F is a n x T matrix with T < n and using t = v/2n,
we have ||E|| < o+/n with probability at least 1 — 2 exp(—2n).

We next turn to the second claim. The general version of Hoeffding’s inequality states that: for
zero-mean independent sub-Gaussian random variables X1, ..., X,,, we have

n t2
DX <200 |~ |
Zi:l HXiuw2

=1
for some absolute constant ¢ > 0. Hence, for any i € [k]:

2 2
Pr [|(Z1,E)| > 0\/271/0] < 2exp <_a—n> < 27,

Pr >t

o (| Zillz
Applying the Union Bound over all i € [k]:
Pr {m%( (Zi, E)| > m/n/c} < 2ke™?" < 2log(n)e ™.
1€

Applying the Union Bound shows that the two desired claims hold with probability at least 1 —
2e72"(1 +logn) > 1 — e~ for sufficiently large n. O

2.4 Proof of Lemma 2.1

If the gradient flow of f started at (X*, Y*) never intersects the boundary of 53, then we are done.
For the rest of the proof, we will suppose that such an intersection exists. Fix any point (X,Y")
at the intersection of the boundary of B and the gradient flow of f. We aim to show that at this
boundary point, the inner product of the normal vector to the region (pointing to the exterior of the
region) and the gradient of f is positive. This property implies that the gradient flow of f, initiated
from any point inside B3, cannot exit 3. Proving this characteristic is sufficient to prove Lemma [2.1

12



We denote by H the rotation matrix Hy y that optimally aligns the fixed boundary point (X, Y")
to (X™*,Y™*). Consider

B = { (X', Y") | |X'H = X*[} + IV'H = V"I < p*}.

Note that By differs from B because H is fixed to be the rotation matrix associated with a given
point (X,Y). By and B are tangent to each other at (X, Y'), so the normal vector to By and B
are co-linear at (X,Y"). Thus, it suffices to show that the normal vector to By at (X,Y"), and the
gradient of f at (X,Y") have positive inner product.

To simplify our notation, we define

X X* of of
F::[ }, F*::{ *}, and —::{% .
Y Y oF | 2
Additionally, we define Ay :== XH — X*, Ay :=YH —Y*, and Ap := FH — F*.
The normal vector to B at (X, Y") is simply the subgradient of | X H — X*||7. + |YH — Y*||?

at (X,Y), which is 2(FH — F*)H". Hence, we aim to show that the following inner product is
positive:

I <(FH ~FOHT, 2_1];> - <AX, P, (XYT _ Xy - E) YH + AXH>

N\ T
+ <Ay, Py (XYT _ X7 — E) XH + )\YH> ,

where we used the formula for the gradient of f from Eq (7). In the remainder of this subsection,
we will use the following shorthand notations for simplicity: we denote X H, Y H, and F'H as X,
Y, and F' respectively. The above inner product I' becomes:

T = (AxYT + XA] Py (XY = XV*T)) — <AX, PZL(E)Y> - <Ay, PZL(E)TX>

As ;1’1

+(Ax, AX) + (Ay, \Y) .

N

-~

Az
By Assumption [3(a), we have | E|| < || E|| + ||6]| < o/n. In particular,

Al S 1A IEIIY Nle + 1Ay e 1ETIX
S IENNAelle [E1

(@)
S oVl Aplle 1 F e .
where (i) is because ||F'||w — || F™|s < ||Ar|l by the Triangle Inequality, and (X,Y") € B gives

AR < p S || F*|lp, where the last step is due to the assumed bound on %f

Recalling A = © (oy/nrlog*”(n)), we bound | Ay|:

[As| S AMAx g [ XT[e + Al AY[[e 1Y llp
<2) [ Agllg [1Flle

< ov/nrlogh? (n) | Al || F*|p-

13



Finally, we will lower bound As. For some Z € Z with | Z||; = 1, we have the following:

Ay = (AxYT + XA} Py (XYT — X*YV*T))
= (AxY T+ XA}, Ppu (AxY T + XA] — AxAy))
= [Pz (AxYT+ XAD) ||z — (AxYT + XAT, Ppe (AxA))
Bo

=[xy 4 XALE ~ [1P2 (AxYT + XAD)[7 - Bo
= |AxY T + XAL|E — (Z.AxY T + XALY — B,

_||Z||FHAXYT+XA HF (Pry(2), AxYT + XALY = By
> 1 ZI5 | AxY T+ XAV = 1Py (23 |AxY T + XAV, — Bo
= || Pry - (D)||2|AxY T + XAL||Z — By

(i1) Cry

)i

||AXYT+XA HF By,

-2 log

where (i) is due to the fact that || Z||, = 1 and AxY " + XA/ is already in the subspace Ty by
the definition of Tg = {UAT + BV | Ac R™*" B ¢ R”XT} as the tangent space of XY "; (i)
is due to Lemma. 2.6, Note that Lemmam apphes because T is the tangent space of XY ', and
(X,Y) was fixed to be on the gradient flow. Furthermore, we can bound | B| as follows:

|Bo| < [ Ax[lp Ayl ([|AxY T [|p + | XAV])
< N Ax|lp 1Ay lg (IAXNE YT+ 1Ay ][e 1X)
@) 3 *
S NAr(g [[F7]
< P || Apllp [1F]

(i) 2,2 12
2 o*r*knlog (n)

~Y

. 1Ae (g lE7]
SovnlAslg F]

where () makes use of Lemmal[2.5] and (i) follows from the bound on p from (3)), and the last step
follows from the bound on ”‘F
Now, we are ready to put everythlng together to bound the inner product:

F:A3—A1+A2

Cr
W [AxY T + XAL||5 — Bo — Ay + Ay

Putting previous bounds together, we have
[Ai] + |Ao] + | Bo| S ov/nrlog™ (n) | Ap g [| 7]l

On the other hand, we can lower bound the positive term of I" using the following lemma.

14



Lemma 2.12 Consider a point (X,Y') on the gradient flow of function f starting from the point
(X*,Y™), such that (X,Y) € B. Then,

JaxyT + XAT|f > =5 1 Ax

By Lemma [2.12] we have

2 Cr Omin
AT XATIE 2 gy T

We plug in ||Ap||z = p because we assumed that (X, Y') is at the border of region . Hence,

2 log

Ay T+ XA 2 s A

= ov/nrlog”(n) || Al 7]l

2 log

Finally, for large enough n,

[ 2 ov/nrlog®(n) | As|lg || F* ||l — ov/nrlog™ (n) | Al | F*|lz > 0.
Proof of Lemma[2.12] Claim 11 in [Farias et al.| (2021) states

T T2 Omin 2 02
|AxY T+ XAV, > 4 IAelle = 5. (16)
We can follow the steps of their proof to prove the desired statement. In particular, we note that the

term —o?/n'? in the right-hand side of Eq (T6) comes from the fact that they use the bound

T T g
XX =y 5 —%
Because we have, by Lemma 2.3[that X "X = Y TY, we do not incur the term —o?/n'3 in our
lower bound. O

2.5 Proof of Lemma 2.2

Let g(M, 7, m) denote the convex function that we are optimizing in (3). Recall that (M, 7,7) is a
global optimum of function g. In this subsection, we prove Lemmawhich relates (M ,T,Mm) to
a local optimum of f.

We begin by proving the following useful lemma, which is similar to Lemma 20 from Chen
et al.[(2020), but allows X, Y to have different dimensions.

Lemma 2.13 Consider matrices X and Y such that X' X = Y 'Y. There is an SVD of XY '
denoted by ULV " such that X = UXY?R and Y = VXY?R for some rotation matrix R € O™,

Proof. Let X = UxXxVy and Y = Uy ¥y V;/! be their respective SVDs, ordering the diagonal
components of > x and Xy by decreasing order. Then, X TX =YY implies Y x = Xy and
that the singular subspaces of Vx and Vy coincide. Hence, there exists an SVD decomposition
of Y = UyXy V3! such that Vx = V4. Then, XY T = UxX3% Uy . This is an SVD of XY T, with

15



U=Uy, ¥ = 23(, and V = Uy. Substituting these quantities into the SVD of X and Y, we
complete the proof that X = ULY2R and Y = VEY2R, where R = Vy = Vi € O"*". O
Let (X,Y") represent the limit of the gradient flow of f from the initial point (X*, Y™*). Let
m and 7 be the values that minimize f(X,Y). Furthermore, let the SVD of XY " be denoted by
Usv’.
By Lemma 2.3 we have that X' X = Y'Y Then, Lemma[2.13| gives us

(I-UUNHX =0 and (I-VVHY =0. (17)

We claim that to prove Lemma it suffices to prove that XY T = M. If we prove that
XYT =M , we would have by Lemma X = XRand Y = YR for some rotation matrix
R € O™ . This proves Lemma[2.2]

The proof that XY T = M consists of two parts. We will first establish that (XY ", 7,m) is also
an optimal point of g by verifying the first order conditions of g are satisfied. We will then show

that g has a unique optimal solution (M ,7,m). Putting these two parts together establishes that
XYT = M.

2.5.1 First order conditions of g are satisfied

We will first show that the following first order conditions of g are satisfied at (XY ", 7,m).

k
<ZZ,O—XYT—m1T—ZTiZi>:O forl=1,2,....k (18a)
1=1
k
O-XY"—m1" =) 5nZ; =AUV +W) (18b)
=1
U'W=0 (18¢)
WV =0 (18d)
wi<1 (18e)
1 k
o T
m= <O—XY —;TZZZ) 1. (18f)

We select W := + (O —XYT —m1T =38, TiZi) — UV, Note that (T8a) and (T8) are
automatically satisfied given the definition of 7 and m, and is automatically satisfied by our
choice of W.

To show and (18d), we use the fact that g—j; = g—{; =0:

k k T
<0 — XYY" —m1' — ZTZ-ZZ) Y = AX and (0 — XY —m1' — Z}@) X =)\Y
i=1 =1

Now, by Lemma [2.13] we can decompose X = UX/?2R and Y = V2R where R is a rotation
matrix. Right-multiplying the above equations by R~'X71/2 gives

k k T
(0 XY —m1' = ZTZZZ) V =AU and (0 XY —m1' — anz) U=\V.
=1 =1

16



Rearranging, the first equation shows that W'V = 0 and the second shows U W = 0.
The last step of the proof is to verify (I8¢). Using and (I8d), we have

W=(I-UU"YWUI-VVT)
1 T T t T
:X(]_UU )(O—ml —;ﬂZi) (I_VV )a

where the last line is obtained by plugging in our chosen value of W and using (I7) to get rid of the
XY term. Plugging in O = X*Y*T +m*17 + ZZ 1T i + E, we have

k
1 .
W= X(I —-UU") (X*Y*T +(m—m)LT +> (7 —7)Z + E) (I—-VVT).

i=1

M*1

= and

We will use substitution to get rid of the (m* —m)1" term. Because we have m* =

k
1 T * T
m:?<O—XY —E TiZi)l—T<M — XY —i—g Z—i—E)l

=1 =1

this implies that

* T _ T : 117 T : * n
(m* —m)1" = (XY = —7)Zi - E) =D (XY - (7 —Ti)Zi—E> :

i=1 =1

Substituting this expression into our expression for W, we have

1 T *yxT : * n T
W= (I-UU") (X YT+ (7 - )P (Z) + PIL(E)> (I-vvT)

=1

where the P, (XY ") term went away because (I — UU )X = 0 by (T7).
By Lemma we have V' '1 = 0. This allows us to simplify the closed form expression for
the projection given in Lemma[EC.3} Pr.(A) = (I — UU )Py (A)(I — VVT). Hence,

k
1 x i 1
W= - UUNH) XY T -vvT) + APTL XZ 5 — 1) Pri(Z;).
We can upper bound its spectral norm as follows:
MW < || (I —UUNX*Y*(I -
A Y
1 As A\ J/

A3

Now, we bound each of these terms separately.
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Bounding A,. By (17), we have (I —UUT)X =0and (I — VV )Y = 0. Hence,

|(I=U0UNX*Y* T (I-VvV| = -UU)XHxy - X*)(YHxy —Y*")(I—-VVT]
< 1 XHxy = X* g [[YHxy = Y7|p
S o’

(i) 2,2 12
Y o*rknlog (n)

Y

Omin

S ovn,
o

in

where () follows from the bound on p from (3), and the last step follows from the bound on Z

Bounding A,. A, is bounded by Assumptlon a)| which gives | E|| < || E|| + ||| < a\/_
Bounding As. If (XY 7, 7, m) satisfy (T8a)—(T8d) and (T81), then the following decomposition
holds due to the same proof as in Lemmal ]

D(r—7%) = A"+ A2 + A3

where D € R¥*¥ is the matrix with entries D;; = (Pr.(Z;), Ppi(Z;)) and A', A% A% € RF are
vectors with components

Al =(2,UVT), A=(ZPro(B)), AY=(Z,Pro(M").

This leads us to have:

Ay =||DT AT + A2 4 A% i |1Prs (Z)]
=1

<A\ HD-lAl

Z 1Prc (2] + (|| D787 + [ a%))) Z P (Z)]

<2 (1 i)+ T (18 + s

where the last inequality made use of Lemma[2.6]

Claim 2.14 We have
HA2H , HA?’H < ov/nrlogn.
With the above claim, we are ready to bound ||V ||.
(W] <+ (A1 + Ay + A3)

21
A+ A+ 21— Cra + Ogn(HAQ
2logn

&),
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Hence, we conclude that

3
Wi st o (e <

2logn A

for large enough n and A = © (a\/m“ 10g4'5(n)).
Proof of Claim|2.14,. Bounding HAZ H Using Lemma we have

&

< km%j]( )<PTL(Zi), E’>‘ < ov/nrlogn.
1€

Bounding HA3 H HA3 H can be bounded by following the exact same steps as the bound of || A?|]

(), replacing T,U,and V with T, U, and V/, respectively. In particular, note that Lemma. 4 gives
that V"1 = 0 along the gradient flow that ends at X, Y, which allows the same simplifications.

027’ rnlog'*®(n)

N

< ovn,
Omin

where the last step used the assumed bound on Zﬁ U

min

2.5.2 Function g has a unique minimizer

In this subsection, we aim to show that the convex function g(M, 7, m) has a unique minimizer.
Throughout the proof, we fix a global minimum (M, 7,77) of g, such that M/ = XY, where
(X,Y) is the limit of the gradient flow of f starting from (X*,Y™*). We have already showed in
Section that (XY'" 7, m), satisfies all of the first order conditions of g; hence M=XYT
is indeed a minimizer of g. First note that up to a bijective change in variables, minimizing ¢ is
equivalent to minimizing the following function

5 1
GN,7,m) = ][0 — N|[2 +A||N —

Z TiZz' — mlT

Hence, it suffices to show that g has a unique minimizer. This function is strictly convex in /V,
because of the term [|O — N||7. We can then fix N to be the unique value of N that minimizes §. In
particular, note that N =M+ > 7iZ;i +m1T. It only remains to show that the following convex
optimization problem

min ||N —
T,m

(19)

= min || M
T,m

Z TiZi — mlT

has a unique minimizer. By the definition of M = XY, a minimum of the right-hand side
of (19) is attained for 7 = 0 and m = 0 (otherwise, M wouldn’t be an optimum of g). Now
consider any other optimal solution to the problem in (T9), that is Z € Z such that | XY ||, =
| XY + Z||,. Write the SVD XY T = UXV T, Recall that the subgradients of the nuclear norm
are {UVT + W :U'W =0,WV =0, ||[W| < 1}. By the convexity of the nuclear norm, we have

I — ZTzZz — 7’I”L]_T

* *

IXYT 4 2], — |XYT]. > (Z,UVT + W), (20)
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for any matrix W with U'W = 0, WV = 0 and ||[W|| < 1. Recall that Ty is defined to be the
tangent space of X'Y"". Defining the SVD Pr(Z) = UXV'", we can take W = UV'T, which gives
IXYT + Z|l, = IXY |l 2 (Z,UV ) + | Pp (Z)]|s 1)

We now use the following lemma.

Claim 2.15 Under the same assumptions as in Lemma([2.6] we have
1Pry (D) > [{Z,UVT)[  ¥ZezZ\{0}.

With this result, we have that if Z # 0, then || XY " + Z||, > || XY "||,, which contradicts the
definition of Z. Hence, Z = 0 which ends the proof that ¢ has a unique minimizer.
Proof of Claim[2.15] Up to changing Z into —Z, it suffices to show that for all non-zero Z € Z,
we have || P (Z)|l. > (Z,UV'T). First, using similar arguments as in (1)) we show that for any

matrices A and B such that (4, B) = 0 with SVD A = U,X 4V, we have
1A+ Bl — [ All. > (B,UaV, ) = 0.

Hence, ||A + Bl > [[Al|.. In particular, we can take A = Pp.(Z) and B = Pp.(Z) — Pr+(Z)
since they are orthogonal to each other due to the fact that T+ C Tj. Then, we have

1Prs (Z) | = ([ Pro(2)]]s-

Next, by Lemma.4|we have V1 = 0,sothat (Z, UV ") = (Z, P. (UV")) = (P1.(Z), P (UVT)).
The two previous steps essentially show that we can ignore the terms of the form a1 " within Z.
Formally, it suffices to show that for any non-zero Z € span(Z;,i € [k]), we have || Pp.(Z)||, >
<Z, P (U VT)>. We decompose such a matrix as Z = Z ei @iZi- First, by ©) of Lemma

we have that ||Pp (2)|2 > 212;1(71 |Z||% > 0, which 1mphes |Pr.(Z)|| > 0. Then, with
a:=(oq,...,ax) # 0, we have
1Pre(2)|le — (2, Pro(UVT QNP (D) 7 py, rym
TL * 11-( )> ||PTJ_( )H < ) 1J-< )>
(@) 1 ~ ~
T T <aTDa —aTAL. HPTL(Z)H)
= TE | @ Da—aTA D aiPra(Z)
T ielk]
1 - -
> ||P l( )H OéTDOé_O[TAl'||Oé||ZHPTJ‘(Z’L‘)” )
T iclk]

N~
a

where (i) is due to the fact that | Py (Z)| > 0 and the fact that the Frobenius norm of a matrix,
squared, is the sum of the squares of the singular values of that matrix; (i7) uses the identity

|Pos (D)2 = (Sicpg 0iPrs (Z), Xje a5 Prs (7)) = o™ Da
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By of Lemma the matrix D is invertible. It is also symmetric by construction. We next
define 3 = D'/?c. We obtain

a=|8|> = BTDTVEAL|DTVB Y || Pre(Z))]]

1€[k]

> (B> | L= D72 JAM - IDT2) Y 1 Pr(Z0)]
1€[k]

(i)
=0,

where in (i) we used (I1)) of Lemma [2.6|together with the fact that § # 0. Combining the two
previous inequalities shows that

| Pro(2)||« > (Z,P(UVT")), VZ € span(Z;,i € [k]).

This ends the proof of the claim. 0

2.6 Proof of Lemmal|l.1

Lemma 1.1 Let D and A? be defined as in Lemma We have oin(D) > 212; —. Furthermore, we
have the following for sufficiently large n:

o2 knlogh? (n)

‘<PTM (Z), Ppos (E + 5)>‘
+10g”?(n) - max -
Omin (€[] ||Z’L||F

12%s
Proof. By Lemma for sufficiently large n, we can write M = XY where (X,Y) is the
limit of the gradient flow of f started at (X™*,Y™), and (X,Y’) € B. Hence, the conditions for
applying both Lemma and Lemma [2.9| with T, the tangent space of M, are satisfied. By (12))
from Lemma we have the desired bound on o, (D). Furthermore, we have

1A% < Vi 4% 5 Viegn [ A%

We aim to bound [|A?|| = max;ep ‘<PTL(Z@'), E> , where £ = E + §. We have

‘<PTL(ZZ»),EA>’ < ’<PT (Z) = Ppoi(Z0), E>‘ n ‘<PT*L(ZZ»),EA>’

(4) .
< 1Pe(2) = Pres(Z0)], (1B + 181 + | { Pres (2, B
(i)

< P/ KT

(#@1) 52415 1 1000 3
< or°knlog’(n) + ’<PT*L(Zi)7PT*L(E)>‘

Omin

ov/n+ ‘<PT*l(zi), E>‘
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where (i) is due to Von Neumann'’s trace inequality, (i7) is due to (I0) and Assumption [3(a), and
(#i1) is due to (3). Hence,

o?r'knlog®? (n)

HAQH S +1log™(n) - max ‘ <PT*L<Zi), PT*l<E)>’

Omin i€[k]

027“1'5/{71 10g6.5<n)

= +102°(n) - max -
— g (n) e 1Zi]s

]<PT*L(ZI»)7 Prei (E + 5)>(

3 Proofs of Auxiliary Lemmas

Proof of Lemma We use ideas from the proof of the main theorem in |Devroye (1977)
and their notation. Because the i.i.d. samples X1, ..., X,, are drawn from a distribution with a
density function, on an almost sure event & = {X,,; # X,,;,41 # i2 € [n],j € [d]}, they do not
share any component in common. For i € [n], let X; = (X;1,..., Xi4), and let ) denote the set
of random vectors Y7, ...,Y,s € R? that are obtained by considering all n¢ vectors of the form
(Xi1,. -, X;,q), where (iy,...,iq) € {1,...,n}"

Because G, is a staircase function with flat levels everywhere except at points in ), and G is
monotonic, |G, (1, x2) — G(x1, z2)| is maximized when x; and x5 approach vectors that are in ).
Under event £, we have

2d
sup |G (21, 22) = G2, 22)| < sup |Gu (Y3, Y)) = GV, Y))| + —,

z1,72€RE i,j
where the %‘1 is due to the fact that, for any ¢, j there may be up to 2d different points in X1, ..., X,
that share a component with Y; or Y under the event £. These 2d points lie on the perimeter of
the hyper-rectangle between Y; and Y; and could be included or excluded from the count for G,
depending on whether ' approaches Y; (and x, approaches Y)) from the inside or outside of the
hyper-rectangle.

Now, it remains to upper bound the right hand side of the above inequality. For any pair of
indices 7,j < nY, there exists a subset of indices Z C [n], corresponding to samples of X that
have at least one component in common with either Y; or Y;. Hence, the samples indexed by 7
are not independent from both Y; and Y. In order to apply Hoeffding’s inequality to the samples,
we sample d’ := |Z| additional i.i.d. random vectors X,, .1, ..., X, 4 from the same distribution.
These serve to ‘substitute’ those samples X; for which [ € Z. Under &, the number of indices in Z
satisfies d’ < 2d, and we have

2d
SUP!G (Y, Y;) — G(Y3, Y))| + P Z[{Xke[y vy — G, Y))| +
1 o L
< sup | Y. ey — GLY))| + Z Ixemiv = D Doy
J ken+d/\T ke k=n+1
1 4d
<sup|— > Ixemyy)y — GO Y)| + —

i P
J ke[n+d\T
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The first inequality is due to the triangle inequality, and the second inequality follows because
|Z| = d < 2d.

By the independence of both Y; and Y; with X, for k € [n + d'] \ Z, we apply Hoeffding’s
inequality conditioned on the realizations of Y; and Y; to establish the following upper bound:

1 4d 4d\*
Pr|~ > Iixeemyy — GG Y|+ — >l <2exp (—2n <e - ?) ) :
ken+d'\T

Applying a Union Bound over all ¢, j, we obtain

2
Pr [ sup |Gn(xy,22) — G(x1,29)| > e] < 2n* exp (—271 (e — 4—d) )

x1,22€RY n

< 2n%*exp (—2n62 + 16€d) .

This proves our first bound. To show the second bound, we note that the first line of the above
inequality can be rewritten as

4d
Pr [ sup |Gp(x1,22) — G(z1,22)| > p +e

x1,22€ERY
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